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Abstract-The simultaneous development of the velocity and temperature profiles in circular tubes is 
analysed, accounting for axial diffusion of both momentum and heat. The axisymmetric problem is 
formulated in variational form by the weighted residuals Galerkin method and then numerically solved by 
the finite element method. Results obtained in the case of vanishing axial diffusion effects satisfactorily 
compare with previous boundary layer solutions; in the presence of axial diffusion effects the solutions 
presented in the literature are scanty and do not always agree. The isothermal flow results, presented for 
Reynolds numbers ranging from 1 to 1000, show the appearance of the overshoots in the axial velocity 
profile, as well as the dependence on the axial coordinate and Reynolds number of the various axial 
momentum transfer processes-radial diffusion at the wall, convection and axial diffusion. The non- 
isothermal flow results, presented for the Prandtl number ranging from 0.1 to 100 and the P&let number 
from 5 to 500, point out the effect of axial diffusion of momentum and, above all, of heat, on the convective 

heat transfer rate. 

INTRODUCTION 

AXIAL DIFFUSION of both momentum and heat is 
usually overlooked in the design and analysis of heat 
transfer devices. Nevertheless, the first may affect con- 
siderably the velocity distribution in low Reynolds 
number flows; the second, the temperature dis- 
tribution at low P&let numbers. Moreover, in the 
convective heat transfer of low Reynolds number 
flows, the axial diffusion of momentum may also affect 
the temperature distribution in the fluid. This is the 
case of the simultaneous development of temperature 
and velocity profiles in slow flows. Shah and London 
[l] reviewed the most relevant bibliography about 
hydrodynamically and thermally developing flow in 
their monograph on laminar forced convection in 
ducts. The distinct analyses of hydrodynamic and 
thermal entrance problems provide the limits beyond 
which axial diffusive transport can be neglected with 
respect to radial diffusive and convective transport. 
Momentum axial diffusion, as well as radial pressure 
gradient, can be neglected far from the immediate 
entrance, providing the Reynolds number is greater 
than about 400, while axial diffusion of heat can be 
neglected at P&let numbers greater than 10 when the 
wall heat flux is specified as uniform at the boundary, 
case 8, and greater than 50 when the wall temperature 
is specified as uniform at the boundary, case Q. Below 
these limits or near the entrance, axial diffusive trans- 
port considerably affects the development of velocity 
and temperature profiles. 

Vrentas et al. [2] first showed the effect of momen- 
tum axial diffusion in the hydrodynamic entry length 
problem for an isothermal fluid flowing in a circular 

tube. Christiansen et al. [3] extended this analysis to 
the presence of an abrupt contraction. Both solved 
the complete momentum equation in an infinite 
domain by the finite difference method. The upstream 
portion of the duct is a stream tube, impermeable and 
frictionless; the downstream portion is a real tube, 
with no slip at the tube wall. In the stream tube, away 
from the entrance, the velocity distribution is uniform. 
Near the entrance of the real tube, the high axial 
gradients in the velocity field cause diffusion of 
momentum upstream. This results in some velocity 
profile development in the stream tube. Momentum 
axial diffusion may also affect considerably the 
velocity profiles in the real tube where, at low 
Reynolds numbers, it attenuates to disappearance the 
overshoots which are formed in the axial velocity pro- 
file to satisfy the continuity equation near the 
entrance. A further effect is the increase of the hydro- 
dynamic entrance length as the Reynolds number 
decreases. 

Many other investigators have analysed the hydro- 
dynamic entrance problem by solving the complete 
momentum equation while assuming a known 
velocity profile at the inlet. This condition prevents 
momentum from diffusing upstream ; their solutions 
are therefore of minor relevance for the present paper. 
Schmidt and Zeldin [4] assumed an initial condition 
of irrotational uniform velocity in their numerical 
solution. They showed that the pressure drop in the 
entrance region lowers with increasing Reynolds 
number ; nevertheless their distributions of the appar- 
ent Fanning friction factor-Reynolds number product, 
tabulated in ref. [ 11, show different shapes for different 
Reynolds numbers. Shah and London are not certain 
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NOMENCLATURE 

c specific heat u dimensionless fluid axial velocity, z//U 

.::,, 

pressure correction factor, equation (25) U fluid mean axial velocity 
apparent Fanning friction factor, V dimensionless fluid radial velocity, u’/ U 
equation (22) V dimensionless volume of the integration 

f Ill average Fanning friction factor in the domain, V’/R3 
hydrodynamic entry length, equation X dimensionless axial coordinate, i/R 

(23) X+ dimensionless axial coordinate for the 
h convective heat transfer coefficient hydrodynamic entrance region, 

8 thermal boundary condition referring to x’j(2R Re) 
uniform wall heat flux X* dimensionless axial coordinate for the 

k thermal conductivity thermal entrance region, x’/(2R Pe) 

k, thermal conductivity in the axial xfX dimensionless axial position where the 
direction maximum increment of the axial 

K, momentum axial diffusion correction velocity component takes place. 
factor, equation (29) 

& momentum flux correction factor, Greek symbols 
equation (24) A max maximum increment of the axial velocity 

Lh: dimensionless hydrodynamic entrance component as a percentage of the 
length, &,/(2R Re) centreline value 

L;“h dimensionless thermal entrance length, 0 H dimensionless fluid temperature for the 

LLl(2R Pe) @ thermal boundary condition, 
n dimensionless outer normal to the (T- TJkl(2RqJ 

boundary of the integration domain, % dimensionless fluid temperature for the 
d/R @ thermal boundary condition, 

NU Nusselt number, 2Rh/k (T-TACT,- TJ 

P dimensionless pressure, p’/(pU2/2) V kinematic viscosity 
Pe P&let number, Re Pr P density. 
Pr Prandtl number, v&k 

9 heat flux Subscripts 
r dimensionless radial coordinate, r’/R initial value at x’ = - co 

rmax dimensionless radial position where the ; fluid bulk 
maximum increment of the axial fd fully developed flow 
velocity component takes place H @I boundary condition 

R radius of the tube T @ boundary condition 
R residual of a conservation equation W wall 
Re Reynolds number, 2RU/v X local value. 
S dimensionless boundary surface of the 

integration domain, S/R2 Superscripts 
T temperature , dimensional quantity 
0 thermal boundary condition referring to - average value over the tube cross-section 

uniform wall temperature _ trial function. 

as to whether this trend is to be attributed to the 
nature of the finite difference equations and 
numerical method at startup or to the overshoots in 
the velocity profile, which for Schmidt and Zeldin’s 
initial conditions are stronger than in the stream tube- 
real tube model, as the comparison between the results 
presented in refs. [2,3] and those of McDonald et al. 
[5] shows. 

All of the above analyses involve isothermal flow. 
The effect of axial heat conduction is particularly 
shown by the solution of the complete energy equation 
in an infinite domain. In this paper attention is focused 
on the thermal entrance problem in circular tubes of 

infinite extent with wall heat flux or wall temperature 
specified as uniform at the boundary, while assuming 
that the upstream portion of the tube is thermally 
insulated. Hennecke [6] and Verhoff and Fisher [7] 
applied the finite difference method to this problem, 
assuming uniform heat flux at the boundary. Hsu [8], 
Davis [9], Vick et al. [lo] and Vick and Ozisik [ll] 
analytically analysed the same problem. Papoutsakis 
et al. [12] obtained an analytical solution for the more 
general problem of a heating section of finite length. 
Verhoff and Fisher [7] analysed the thermal entrance 
problem also with the 0 boundary condition. Tan 
and Hsu [13], Newman [14] and Michelsen and 
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Villadsen [IS] analytically analysed this same 
problem. For both thermal boundary conditions, at 
low P&let numbers, a considerable amount of heat is 
conducted upstream in the tube not directly heated, 
thus affecting the temperature distribution at the 
entrance. As a further effect of axial heat diffusion, 
the thermal entrance length increases as the P&let 
number decreases. For the @ boundary condition, the 
local Nusselt number decreases near the entrance as 
the P&let number decreases, but increases further 
downstream. Tan and Hsu [13] observed a similar 
trend also for the @ boundary condition, whereas the 
Michelsen and Villadsen [ 151 solution shows that the 
local Nusselt number increases as the P&let number 
decreases, approaching infinity near the inlet. The 
analysis of Newman [14] confirms this trend. Verhoff 
and Fisher [7] do not specify any particular trend for 
the local Nusselt number distribution, while showing 
by their results a less steep increase towards the inlet. 
Papoutsakis [16] analysed the behaviour of his 
analytic solution near the entrance for various 
combinations of wall boundary conditions. He 
observed also that for the Neuman boundary con- 
dition upstream and the Dirichlet one downstream, 
the Nusselt number near the entrance of the heating 
section should be bounded, as in the case of the 
Neuman boundary condition required all along the 
tube. 

McMordie and Emery [17] analysed the problem 
of simultaneous development of temperature and 
velocity profiles in a semi-infinite circular tube 
accounting for axial heat diffusion with uniform initial 
temperature and uniform wall heat flux at the bound- 
ary. They numerically solved the energy equation, 
assuming a uniform velocity profile for the initial 
portion of the inlet region while using the Langhaar 
[18] solution further downstream. This is a boundary 
layer-type solution which neglects momentum axial 
diffusion as well as the radial pressure gradient. 
Moreover, also within the limits of this idealization, 
the Langhaar velocity distribution provides a poor 
approximation, which Hornbeck [19] ascribes to the 
linearization of the inertia terms in the momentum 
equation. Owing to the initial condition, their local 
Nusselt number increases as the Peclet number 
decreases near the entrance, where it is unbounded. 
Christiansen and Kelsey numerically analysed the 
simultaneous hydrodynamic and thermal develop- 
ment of Newtonian [20] and non-Newtonian [21] 
fluids following an abrupt contraction with the @ 
boundary condition. However, computational insta- 
bilities limited their computations to Reynolds and 
P&let numbers of less than 100. The local Nusselt 
number distributions presented in ref. [21] show that 
near the entrance, axial diffusion causes the local 
Nusselt number to approach an upper limit which 
increases as the P&let number increases. 

The author is unaware of any previous analyses of 
axial diffusion effects in simultaneously developing 
flow in circular tubes of infinite extent. Moreover, the 

axial diffusion of momentum in isothermal flows and 
of heat in hydrodynamically developed flows requires 
further analysis, as the results presented in the quoted 
literature also show. 

In this paper, the problem of simultaneously develop- 
ing flow in a circular tube-accounting for axial 
diffusion of both momentum and heat-is analysed. 
The axisymmetric problem is treated numerically by 
the finite element method, which Ben-Sabar and 
Caswell [22] have shown to be stable in convection- 
diffusion transport. The assumption of constant 
property fluid allows the hydrodynamic and thermal 
entrance problems to be solved independently. The 
discrete system of equations in the velocity 
components, pressure and temperature is obtained by 
applying the weighted residuals Galerkin method to 
the conservation equations. The domain of inte- 
gration is discretized by means of axisymmetric 
elements having triangular cross-sections. Within 
each element, the velocity components and tem- 
perature are approximated by quadratic polynomials 
and the pressure by linear polynomials. All the volume 
and surface integrations in the coefficient matrix, as 
well as on the right-hand side of the solving system, 
are performed analytically. The nonlinearity in the 
momentum equation is handled by an iterative 
scheme. The systems of linear algebraic equations are 
then solved by a library subroutine. 

BASIC EQUATIONS AND RELEVANT 

PARAMETERS 

The problem analysed in this paper concerns steady 
laminar flow of a Newtonian constant property fluid 
through a circular tube of infinite extent. Viscous dis- 
sipation is neglected. In the upstream region (x’ < 0), 
the wall is impermeable, frictionless and thermally 
insulated ; in the downstream region (x’ > 0) the wall 
is real and subject to the boundary condition of 
uniform wall heat flux or uniform wall temperature. 
Far upstream the temperature is uniform and the 
velocity irrotational with a uniform axial component. 

By utilizing the dimensionless quantities defined in 
the Nomenclature, the dimensionless form of the 
governing equations is as follows : 

continuity equation 

!?+;+;=o; (1) 

momentum equation 

axial direction 

au au 1 ap 2 

( 

a% i au ah u_++v-_ -__+_ 
ax ar 2 ax Re 

_+__+i 
ar2 r ar ax > 

(2) 

radial direction 

I au v as 
-+;s-r’+ax’ ; 

> 

(3) 
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energy equation 

ao ao 2 a% iao a%3 
Uax+v-z=z ar'+;r++il;T 

( 
(4) 

For equations (l)-(3) the following boundary con- 
ditions are required : 

au 

ax x=_a 
=o O<r<l 

u(co,r) = 2(1-r’) 0 <r < 1 

v(co,r)=O O<r< 1 

au 
- =o -io<x<co 
arrzo 

v(x, 0) = 0 -co<x<co (10) 

au 
=o -co<x<o ar ,= , (11) 

u(x, 1) = 0 0 d X d cc (12) 

0(x, 1) = 0 -co<x<co. (13) 

For the energy equation, two different boundary con- 
ditions are considered : 

uniform wall heat flux @J 

a,,(-m,r)=O O<r< 1 

ao, 

ax .y=s 
=$ O<r<l 

aa, 1 

ar ,=, = 2 
O<_X<cO; 

uniform wall temperature @ 

O,(-co,r)= 1 O<r< 1 

aoT 

ax _ 
=0 O<r,<l 

@,(x,1)=0 O<.x<m. 

And, for both thermal boundary conditions 

ao 
^ =o -KIdX<O 
or ,=, 

ao 
- =o -co<x<co. 
ar ,=0 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

In the above relations, the axial coordinate is made 
dimensionless by the same reference length as the 
radial one, i.e. the radius of the tube. Nevertheless, 
the following dimensionless axial coordinates are 
appropriate for the presentation and analysis of the 
entry region results : 

for isothermal flow 

_y+ = -5 
2RRe’ 

for non-isothermal flow 
I 

_x* = A_ 
2RPe 

In the solution of the simultaneously developing 

laminar flow problem, the following dimensionless 
groups are of most interest : 

the apparent Fanning friction factor 

the mean Fanning friction factor in the hydrodynamic 
entrance region 

fm(x+)= -i+;;l+;;.=,dii: (23) 

the momentum flux correction factor 

k.,(.~+) = 2 
S’ 

u’r dr; (24) 
0 

the pressure correction factor 

C = (&, Re - 16)4L,+, (25) 

where L& is the dimensionless hydrodynamic entrance 
length, defined as the dimensionless axial position at 
which the centreline velocity reaches 99% of its fully 

developed value ; 

the fluid bulk temperature 

Oa, = l,‘@urdr/lurdr; (26) 

the local Nusselt number 

A further relevant parameter is the dimensionless ther- 
mal entrance length, L$,> which is defined as the 
dimensionless axial position at which the local Nusselt 

number achieves the value I .05Nuw. 

The parameters defined by relations (22)-(24) 
appear in the macroscopic balance equation of axial 
momentum for the control volume included between 
the tube wall and the cross-sections X+ = - ~8 and 
x+. This balance gives 

.f,,, Re = fm Re + & (& - 1) + $$ K, (28) 

where K, is the momentum axial diffusion correction 
factor 

K,(x+) = - k2 (II s$r dr. 
s 

(29) 



Steady laminar heat transfer in circular tubes 1041 

According to the momentum theorem, the left-hand 
side of equation (28) represents the resultant of all 
external forces acting in the axial direction on the 
control surface-that is, the pressure acting on the 
two boundary cross-sections. The right-hand side rep 
resents the rate of creation of axial momentum inside 
the control volume, that is, outflow minus inflow of 
axial momentum: the first term represents the axial 
momentum diffusing in the radial direction across the 
wall of the real tube, the second represents the axial 
momentum convected across the circular sections x+ 
and x+ = -cc and the third represents the axial 
momentum diffusing in the axial direction across the 
circular section x+, the axial gradient of the axial 
velocity component vanishing at xc = - 00. 

SOLUTION METHODOLOGY 

Conservation equations (l)--(4) with boundary con- 
ditions (5)-(21) have been solved numerically by the 
finite element method. The problem is reformulated 
by the weighted residuals Galerkin method, which 
Finlayson and Striven 1231 have shown to be the most 
straightforward in the variational formulation of 
transport problems. In the Galerkin method, the 
unknown fields u, v, p and 0 are approximated as 
linear combinations of trial functions u”, t?, p and 8 
which do not exactly satisfy the conservation equa- 
tions but give residuals, R. The unknown coefficients 
in these linear combinations are determined by the 
need for the residuals to be orthogonal to each of the 
respective trial functions, that is 

J R,$dV= 0 
u 

(30) 

s 
R,,zZdV=O 

” 
(31) 

s 
R,,v”dV= 0 

” 
(32) 

s 
R,adV= 0. 

u 
(33) 

By expanding the residuals and integrating by parts 
those integrals that have second-order partial deriva- 
tives, the equations on which the method is based are 
as follows : 

j(;+;+;)$dV=O (34) 

SK au au 1 ap 2 hai 
U~+"$-ZY& tl+- 

> ( -- ” Re dr lk 

+;; dV= 
II J s &;cdS (35) 

J-K av au 2 v 1 aP 2 ava5 u-+v-+-_-+__ v"+___ 
” ax ar Rer 2 ar ) ( Re & ar 

= ,s$gddS (37) J 
where, now, u, v, p and 0 are the approximate fields 
of velocity, pressure and temperature. A characteristic 
feature of the method is the insertion of the boundary 
conditions. Adopting the terminology of the calculus 
of variations, boundary conditions (6) (9) (1 l), (15) 
(16), (18) (20) and (21) enter the formulation as 
natural boundary conditions, being included in the 
surface integrals which appear on the right-hand side 
of equations (35)-(37) while the essential boundary 
conditions (5), (7) (8), (lo), (12)-(14) (17) and (19) 
must be set directly in the solving system. In the appli- 
cation of the finite element method, equations (34)- 
(37) give a system of algebraic equations the 
unknowns of which are the values that the unknown 
functions assume at the nodal points of the dis- 
cretization. 

In the present analysis the finite element dis- 
cretization of the integration domain is obtained by 
axisymmetric elements having triangular cross- 
sections. The axial spacing is increased logarithmically 
with the dimensionless coordinate in order to achieve 
greater accuracy near the tube entrance. Each decade 
is then subdivided into a constant number of elements 
starting from x+ or x* = 0.00001 for the downstream 
tube; in the upstream one the discretization is sym- 
metric with respect to the origin. The mesh becomes 
thicker and thicker near the wall, owing to the strong 
radial gradients of both velocity and temperature 
inside the hydrodynamic and thermal boundary 
layers. Mixed interpolation is adopted following the 
recommendation of Jackson and Cliffe [24] : in each 
element the velocity components and temperature are 
approximated by quadratic polynomials, and the 
pressure by linear polynomials. In this way the 
velocity components and temperature are each 
interpolated through six nodes located at the triangle 
vertices and their midsides; the pressure is inter- 
polated only through the vertex nodes. The volume and 
surface integrals which appear in equations (34)-(37) 
are computed analytically, expanding the integrand in 
area coordinates [25]. Neglecting the fluid property 
variation with temperature allows the hydrodynamic 
problem to be solved independently of the thermal 
one. Therefore, the system of non-linear algebraic 
equations derived from equations (34t(36) has been 
solved first : from the domain subdivision into 1296 
elements with 2713 nodal points one obtains a system 
of 5819 non-linear algebraic equations the matrix of 
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which has a semiband width of 111. This system has 
been solved iteratively by a library subroutine; at 
each iteration the non-linear convective terms in the 
momentum equation are linearized by the values 
obtained in the previous step. At the start of the iter- 
ation process the radial velocity component is zero 
everywhere ; the axial component is 1 everywhere 
except at the real tube wall, where it vanishes. As a 
convergence criterion it was required that the vari- 
ation of any nodal value was less than 0.01% in two 
successive iterations. In all the cases considered, the 
convergence was achieved with not more than 15 iter- 
ations Substitution of the computed velocity field in 
the system of linear algebraic equations which is 
derived from the energy equation allows the tem- 
perature field to be solved. Computation of the surface 
integrals appearing in equations {35)-(37) is needed 
only for the elements having a portion of the boundary 
in common with the domain boundary, on which a 
condition of non-vanishing momentum or heat 
diffusive flux is required. After solving the system of 
equations (34)-(37) with boundary conditions (St- 
(21), the nodal values were inserted in the left-hand 
side of equations (35)-(37) to compute the diffusive 
fluxes across the surfaces of interest. In this case, too, 
all the integrais have been computed analytically 
as well as those needed to compute the considered 
parameters. 

A few analytical solutions may be found in the 
literature to compare the present numerical one. For 
the hydrodynamic entrance problem no exact 
analytical solution has been obtained, while an ana- 
lytical solution of the thermal entrance problem with- 
out inclusion of axial heat diffusion has been tabulated 
by Shah and London ]I] for the @ and @ (Graetz 
problem) boundary conditions. Comparison with the 
local Nusselt number tabulated in ref. [l] shows an 
approximation for the numerical solution of the 
energy equation better than 0.25% for every 
x* > 0.00001, for the @ boundary condition; in the 
case of the @ boundary condition the approximation 
is not so good, being better than 0.5% for x* > 0.0001 
and better than I % for x* > 0.00005. For the second 
boundary condition the axial positions far down- 
stream are excluded from the comparison, the local 
Nusselt number being computed as a ratio of wall 
heat flux and wall to fluid temperature difference, both 
vanishing near the end of the entrance section. For 
isothermal flow and for the more general case of sim- 
ultaneously developing flow, further comparisons 
with experimental data and theoretical solutions are 
discussed in the next sections. 

ISOTHERMAL FLOW RESULTS 

The system of equations (34)-(36) has been solved 
for the following Reynolds numbers: 1, 5, 50, 150, 
500 and 1000. The value 1000 may be assumed to be 
the limit For which, far from the immediate entrance, 

the solution coincides with that obtained inside the 
boundary layer idealization, which is independent of 
the Reynolds number, being similar in the r and x+ 
coordinates. 

The radial distribution of the axial velocity com- 
ponent is shown in Fig. 1 for various upstream and 
downstream .x+ values. At low Re, the upstream 
diffusion of momentum causes considerable develop- 
ment of the velocity profile inside the stream tube. 
For Re > 150 the axial velocity profiles have a local 
minimum on the tube centreline and symmetrically 
located maxima on either side of it. This non- 
monotonic radial trend, which never appears at the 
lower Re values considered (Re 6 50), is referred to 
as velocity overshoot. Velocity overshoots are present 
in the downstream tube within a well-defined axial 
interval which shifts towards the entrance as Re 
increases. By comparing the nodal values (without 
interpolation between them) the maximum increment 
of the axial velocity component as a percentage of the 
centreline value, A,,,, has been obtained; the A,,, 
values and the axial and radial positions where they 
take place are presented in Table 1 as a function of 
Re. Vrentas et al. [2] solved the complete conservation 
equations for a maximum Ru value of 250 ; for 
Re > 50 they observe the same effect but with the 
maximum velocity never more than 0.05% higher 
than the centreline velocity. Christiansen et al. [3] 
numerically analysed the iaminar isothermal flow 
through an abrupt contraction. For Rr values up to 
500 they also present results for the circular tube of 
constant cross-section, assuming the stream tube-real 
tube model, while finding stability problems in the 
solution for Re > 100. At relatively high Re they 
found a concavity in the entrance-velocity profile, but 
with an increment of the axial velocity over the 
centreline value of a few tenths of 1%. The velocity 
increments observed in the latter two works are low 
by comparison with the values presented in Table 
1. Nevertheless, an exact comparison is not possible 
because these investigators do not specify the X+ and 
Re values at which the velocity overshoots were 
observed. It seems, however, that they observed this 
effect at relatively low Re values at which, owing to 
the axial diffusion of momentum, the concavity in 
the axial velocity profile is less evident. 

This effect is also clearly shown by the experimental 
results of Burke and Berman [26]. At Re = 108, 206 
and 340 they found the velocity overshoots for X+ 

Table 1. Maximum increment of the axial velocity com- 
ponent as a percentage of the centreline value, Amax, and 
axial and radial position where it takes place, for different 

Reynolds numbers 
~__.. 

RC 
150 500 1000 

G.;,, 0.002 0.0005 0.0002 

::, 
0.45 0.70 0.85 
1.1 2.1 2.1 

__~ 
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Red00 

FIG. I. Develonina axial velocity profiles. 

Re=lOOO 

between 0 and 0.00075, with the maximum increment 
of the axial velocity over the centreline value up to 
5.2%. At the highest Reynolds number value, where 
the precision of the X+ measurement is best, the 
maximum increment happens at x+ = 0.00045. The 
Burke and Berman results are not directly comparable 
with the present ones because of differences in the 
entrance conditions ; however, the axial position and 
the order of magnitude of the maximum increment 
both essentially agree with the values presented in 
Table 1. 

In Fig. 1 the boundary layer solution of Hornbeck 
[19] is also shown ; comparison shows that at high 
Reynolds numbers and far from the immediate 
entrance, the boundary layer approximation gives 
axial velocity distributions in fairly good agreement 
with the solution of the complete momentum equation, 
while masking the characteristic feature just discussed. 

The computed apparent Fanning friction factor- 
Reynolds number product distributions are shown 
in Fig. 2 for different Reynolds numbers; f&i& 
decreases as x+ increases and increases as Re decreases 
without showing the different trends evident in the 
Schmidt and Zeldin results. However, it must be 
pointed out that their solution requires irrotational 
velocity with the uniform axial component at x+ = 0. 
In the same figure, the Hornbeck boundary Layer sol- 

ution [19] is also shown ; far from the immediate 
entrance it practicalIy coincides with the present one 
for high Reynolds numbers. 

In Fig. 3 the terms appearing on the right-hand side 
of the axial momentum balance equation (28), the 
sum of which equals f,, Re, are shown as a function of 
x+. At high x+ values (x+ > O.OOS), the total pressure 
drop from - co to x+ is mainly due to skin friction, 
the term fm Re prevailing over the others for every 
Reynolds number considered. Near the entrance, a 
considerable portion of the total pressure drop is due 
to the change in the shape of the velocity profile ; at 
relatively high Re (Re > 5), the term accounting for 
momentum convective transport, (&-- 1)/(2x+), pre- 
vails over that accounting for axial diffusive transport, 
K&2x+), this not being negligible only at low Re 
(Re < 50). 

The dimensionless hydrodynamic entrance length 
and the pressure correction factor are presented in 
Table 2 with the corresponding values obtained by 
Ch~stiansen et al. [3] and by Vrentas et al. [2]. At 
Re = 150 and higher, L& coincides with the value 
quoted in ref. [3] as obtained numerically by 
Christiansen and Lemmon [27] through simplifying 
the conservation equations on the basis of the bound- 
ary layer assumptions. For Re < 150, the present .L& 
is always considerably longer than the values of 
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FIG. 2. Apparent Fanning friction factor-Reynolds number product for developing laminar Aow. 

Christiansen ef al. and Vrentas et al. Both these teams 
of investigators solved vorticiy-transport equations 
by a numerical procedure using relaxation to obtain 
the values quoted in Table 2. However, Christiansen 
et al. [3] obtained L& values 2-10% longer by solving 
the same problem with a different numerical method 
(fourth-order stream-function equations solved by 
relaxation). 

The pressure correction factor values obtained in 
the present work are, for every Re, higher than those 
presented in ref. [3], which do not agree either with 
the corresponding values of Vrentas et al. [2]. As 
i?e increases, the pressure correction factor decreases 

monotonically to the value quoted in ref. [3], as 
obtained in the boundary layer solution of 
Christiansen and Lemmon [27]. 

NON-ISOTHERMAL FLOW RESULTS 

In the case of a non-isothermal fluid, the problem 
considered is of simultaneously developing flow with 
axial diffusion of both momentum and heat. The 
dimensionless group to account for axial heat 
diffusion is the P&let number. With the aim of point- 
ing out the effects of axial diffusive transport, results 
for Pr = 0.7 and different Re values-that is, different 

FIG. 3. Terms representing the rate of creation of axial momentum inside the control volume between the 
tube wall and the cross-sections x+ = - co and x+, according to the axial momentum balance equation 

(28). 
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Table 2. Dimensionless hydrodynamic entrance length and pressure correction factor for different Reynolds 
numbers 

Re 
Present 
solution 

Lh’, 

Ref. [3] Ref. [2] 
Present 
solution 

c 

Ref. [3] Ref. [2] 

1 0.385 0.333 0.33 8.77 6.82 7.76 
5 0.095 0.086 2.53 2.22 

50 0.054 0.050 0.047 1.34 1.27 1.40 
150 0.055 0.050 0.048 1.28 1.23 1.36 
500 0.055 0.056 1.26 1.23 

1000 0.055 1.26 

Pe values-are first presented and anatysed in detail. 
The analysis is then extended to different Pr values. 

effect of moments axial diffusion and radial pressure 
gradient. 

The graphical results for Pr = 0.7 are shown in Figs. 
4-9. The dashed lines refer to the case of negligible 
axial heat diffusion, obtained by setting the second 
partial derivative in the axial direction to zero in equa- 
tion (4). Therefore, the shifting of the dashed line from 
the full line shows the effect of axial heat diffusion, 
while the shifting between the dashed lines shows the 

Flmd temperature distributions presented in Figs. 4 
and 5 show the predevelopment of the temperature 
profile caused by axial heat diffusion at low Pe. At 
Pe = 3.5 the effect of axial heat diffusion is marked 
for both boundary conditions ; at Pe = 35 it is still 
evident, particularly near to the entrance, while at 
the highest Pe the axial heat diffusion is ineffective. 

,a 

FIG. 4. Developing temperature profiles for the @I thermal boundary condition : -, axial heat diffusion 
included ; ---, axial heat diffusion neglected. 

FIG. 5. Developing temperature protiles for the @ thermal boundary condition : -, axial heat diEtsion 
included ; ---, axial heat diffusion neglected. 
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_._._ Pe = 3.5 

_ Pe, 350 

0 .2 .4 ‘6 1 

FIG. 6. Developing temperature profiles for the 8 thermal 
boundary condition, obtained by solving the complete 
momentum equation while neglecting axial heat diffusion. 

Nevertheless, some minor effect persists at Pe = 350 
for the @ boundary condition. For the @ boundary 
condition, the curves obtained by neglecting axial heat 
conduction are compared in Fig. 6, limited to the 
highest and lowest Pe values. Near the entrance 
(x* c O.OOl), momentum axial diffusion and the 
radial pressure gradient cause the fluid temperature to 
increase at Iow Re, while showing the opposite effect 
further downstream (x* = 0.01). The reason for this 
behaviour can be easily explained as follows. The heat 

5 

%I 

4 

3 

2 

1 

0 

entering the flow is specified at the boundary and, 
in the absence of axial heat diffusion, the fluid bulk 
temperature for every x* is specified too. The curves 
of Fig. 1 show that near the entrance, as Re increases, 
the axial velocity component increases near the wail ; 
further downstream the same curves show the 
opposite behaviour, the axial velocity component 
being higher near the wall at low Re. From equation 
(26) it follows that to an increase of the velocity axial 
component near the waH, where the thermal boundary 
layer is developing, there must be a corresponding 
decrease in the fluid temperature, and vice versa, to 
ensure that the fluid bulk temperature is constant with 
x*. 

For the @ boundary condition, the effect of differ- 
ent velocity profile developments at different Re values 
is shown by the fluid bulk temperature distributions 
presented in Fig. 7. Dashed lines show that the 
momentum axial diffusion lowers the efficiency of the 
heat transfer process near the entrance. In case 8, the 
fluid bulk temperature distribution is the same for 
different Pe values, when axial heat diffusion is 
neglected ; in Fig. 7, the curve pertinent to this case is 
indistinguishable from the full line relative to 
Pe = 350 which, for x* > 0.01, is indistinguishable 
from that obtained for Pe = 35. On the other hand, 
in case @ axial heat diffusion produces perceptible 
modifications in the fluid b&k temperature also at 
the highest Pe value, confining that in the thermal 
entrance problem, axial heat diffusion is more effective 

Pr,Ol 

Pa 

0 3.5 

0 35 

0 350 

1 

ti w 

a 

.6 

.4 

.2 

D 

FIG. 7. Ftuid butk tem~rature : -, axial heat diffusion included ; ---, axial heat diffusion neglected 
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FIG. 8. Local Nusselt number for the @thermal boundary condition (Pr = 0.7) : -, axial heat diffusion 
included ; ---, axial heat diffusion neglected. 
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FIG. 9. Local Nusselt number for the Q thermal boundary condition (Pr = 0.7) : -, axial heat diffusion 
included; ---, axial heat diffusion neglected. 
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in the case of the @ than in that of the @J boundary 
condition. For both thermal boundary conditions, the 
fluid bulk temperature at the entrance may differ 
considerably from the value far upstream, the effect 
of momentum axial diffusion and the radial pressure 
gradient being masked by the axial heat diffusion at 
low Pe values. 

The local Nusselt number distributions are shown 
in Figs. 8 and 9. For both thermal boundary 
conditions, the considered higher-order effects cause, 
on the whole, a decrease in Nu, near the entrance and 
an increase further downstream, such behaviour being 
shown also by the solution obtained when neglecting 
axial heat diffusion (dashed lines). This last effect can 
be easily explained, at least in case 8, on the basis of 
temperature and axial velocity profiles. If heat flux is 
specified at the boundary, in the absence of axial heat 
diffusion, Nu, depends on the wall temperature only, 
which, as shown in Fig. 6, increases at low Re near 
the entrance and decreases further downstream, pro- 
ducing opposite behaviour in Nu,. Even if at Re = 500 
some effect of momentum axial diffusion and radial 
pressure gradient still persists, the dashed line 
obtained for Pe = 350 can be assumed to be the limit 
solution with which solutions incorporating the 
boundary layer approximation can be compared. In 
Fig. 8, the numerical solutions of Hornbeck [28] and 
Bankston and McEIigot 1291 compare favourably with 
the present one for every x*, while that of Manohar 
[30], as tabulated in ref. [l], is sometimes higher. 
Sample points representing the numerical solutions of 
Manohar [30] and Hwang [31], as tabulated in ref. [l], 
as well as the numerical solution of Hornbeck [28] and 
the analytical one of Javeri 1321, are plotted in Fig. 9. 
All of these are in close agreement with the present 
finite element solution at high X* (x* > O.OOl), while 
the Nu,,, of Hornbeck and, in particular, of Hwang 
are lower near the entrance. 

Distributions of Nu, for different Pr values are 
shown in Figs. 10 and 1 I for @ and @thermal bound- 
ary conditions, respectively. Curves refer to various 
Pe values for Re ranging from 5 to 500. The Nu.~ 
distributions for thermally developing and hydro- 
dynamically developed flow (Poiseuille velocity pro- 
file) are also shown in the same figures (dashed lines). 
The solution of the thermal entry problem obtained 
by Hennecke [6] by accounting for axial heat diffusion 
compares favourably with the present solution in Fig. 
10. In the case of the @ boundary condition, the 
hydrodynamically developed flow results at low Pe 
show a trend towards a uniform Nz+ limit value near 
the entrance, in agreement with the results of Tan and 
Hsu [13]. Their Nu,?.~, shown in Fig. I1 for Pe = 3 
and 5, is, however, lower near the entrance and higher 
further downstream. The Nu, distributions obtained 
by Verhoff and Fisher [7] for Pe = 5 and by Michelsen 
and Villadsen [15] for Pe = 3 are also shown in the 
same figure. At low x* values, they are higher than 
the present solution, the local Nusselt number 
obtained by Michelsen and Villadsen being un- 

bounded at the entrance. In agreement with the results 
of Papoutsakis’ analytical analysis (161, at low PC 
values Nu, approaches a finite value at the entrance 
for both thermal boundary conditions. The curves of 
Figs. 10 and 11 confirm that this is true also in the case 
of simultaneously developing flow; at greater Pe or 
at lower Pr, Nu, decreases near the entrance, or also 
shows the trend towards a finite value which is, 
however, not reached within the interval considered 
for the abscissa. Further downstrean~, the local 
Nusselt number increases as Pe decreases, the effect 
of axial heat diffusion being greater for the @ than 
for the @ boundary condition. Curves referring to 
hydrodynamically developed flow confirm the exist- 
ence of a common intersection point near .x* = 0.075 
for the @ boundary condition. For simultaneously 
developing flow, a common intersection is no longer 
found, while for the Q boundary condition, the com- 
mon intersection point is not present even for hydro- 
dynamically developed flow. The effect of the devel- 
oping velocity profile is also clearly shown by the 
results. With Pe being constant, an increase in Pr 
always causes a decrease in Nu,; a similar effect is 
due to the momentum axial diffusion owing to the 
predevelopment in the velocity profile. For the @ 
boundary condition, all the curves go asymptotically 
to a value of 4.3636, whereas in the case of the @ 
boundary condition the limiting value depends on Pe. 

The dimensionless thermal entrance length is pre- 
sented in Table 3 for the cases analysed. For Pr = 0.7, 
the values obtained by neglecting axial heat diffusion 
(k, = 0) are also presented in Table 4. In this case 
the dependence of L,*, on Pe is exclusively due to 
momentum axial diffusion. which at Pe = 3.5 
(Re = 5) produces an increment in f$, of about 31 
and 29% for conditions @ and 0, respectively, while 
being practically ineffective at Pe = 35 (Re = 50). 
Neglecting axial heat diffusion, Shah [33] analytically 
obtained the following values for the hydro- 
dynamically developed flow : L$,# = 0.043 and 
L& = 0.033. For simultaneously developing flow 
with Pr = 0.7, Shah and London [l] suggest the value 
L$,, = 0.053 based on the Nu,,” of Bankston and 
McEligot [29], and the value L$,T = 0.037 based on 
the values of Nu,,~ of both Manohar [30] and Hwang 
[31]. Of particular significance is the comparison 
between the present numerical solution and the 
analytical one for hydrodynamically developed flow 
without inclusion of axial heat diffusion ; for the @ 
boundary condition, the values are the same, whereas 
for that of 0, the numerically computed value is 7.4% 
lower. As just pointed out, at the end of the thermal 
entrance the approximation of Nu,~,~ deteriorates, 
while being better than 0.8% in the neighbourhood 
of the exact L:h,7. value (0.033). In the presence of axial 
heat diffusion, the thermal entrance length increases 
at low Pe. This effect is most noticeable at relatively 
high Prandtl numbers (Pr > 1). while for Pr cc 1 the 
axial heat diffusion has less effect, the thermal 
entrance length being most affected by the develop 
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FIG. 10. Local Nusselt number for the @ thermal boundary condition : -, simultaneous development 
of the velocity and temperature profiles ; ---, thermally developing and hydrodynamically developed flow 

(Poiseuilb velocity profile). 
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Table 3. Dimensionless thermal entrance length for the @I and @ thermal 
boundary conditions 

-.--_ --__ 
Pr 

Hydrodynamically 
Pe 0.1 1 10 IO0 developed flow 

5 0.19 0.09 0.075 
0.15 0.08 1 0.074 

50 
0.18 0.049 0.043 0.043 8 
0.15 0.033 0.03 1 0.032 

500 
0.048 0.043 0.043 0.043 zz 
0.033 0.031 0.03 1 0.031 0 

ment of the velocity profile, which is much slower 
than the development of the tem~rature profile; in 
this case momentum axial diffusion may affect LX at 
low Re. On the other hand, for Pr > IO, the L,*, values 
are in practice coincident with those of hydro- 
dynamically developed flow because Lb is con- 
siderably affected by the thermal development only, 
much slower than the hydrodynamic one. 

CONCLUDING REMARKS 

The entry length problem for simultaneously develop- 
ing laminar flow in a circular tube of infinite extent 
has been solved by the finite element numerical 
method. In the range of independent dimensionless 
parameters considered the solution never presented 
instabilities, thus further confirming the effectiveness 
of the numerical method in solving problems of sim- 
ultaneous convective and diffusive transport. Com- 
parison with the available analytical and numerical 
solutions and also, for isothermal flow, with exper- 
imental results showed the reliability of the approxi- 
mate solution which has been presented. 

Particular consideration was given to the axial 
diffusion of both momentum and heat, which is 
neglected in the boundary layer approximation. The 
axial momentum transfer processes have been ana- 
lysed in depth, showing the relative weight of each 
at various Reynolds numbers. The isothermal flow 
results have also demonstrated the appearance, at 
high Reynolds numbers, of the velocity overshoots, 
the extent and axial position of which were found 
to be in acceptable agreement with the experimental 
results of Burke and Berman [26]. In the case of hydro- 
dynamically developed and thermally developing 

Table 4. Dimensionless thermal entrance length for the @I 
and 8 thermal boundary conditions (Pv = 0.7) : k, = 0, axial 
heat diffusion neglected ; k, # 0, axial heat diffusion included 

Pe 

3.5 

35 

350 

k, = 0 k, # 0 

0.068 0.116 
0.045 0.109 : 
0.05 I 0.053 
0.035 0.036 : 
0.052 0.052 @ 
0.035 0.035 8 

flow, the results have demonstrated the effects of axial 
heat di~usion. The Nusselt number distributions 
agree with the previous solutions for the 8, but for 
the Q boundary condition they show an evident trend 
towards a limiting value near the entrance at low 
P&clet numbers, in agreement with both the results 
of Tan and Hsu [13] and the analytical analysis of 
Papoutsakis [16]. Similar behaviour has been shown 
by the simultaneously developing flow results ; 
near the entrance iVuz decreases and, at low P&let 
and high Prandtl numbers, goes to a uniform value 
because of the axial diffusion of heat and, albeit to a 
lesser extent, of momentum. The results confirm the 
judgement of Papoutsakis et al. [12] that no global 
P&let number criteria may be set for all problems 
concerning the inclusion of axial conduction ; more- 
over, in simultaneously developing flow, a more 
general criterion should account for the Reynolds 
number also, the axial diffusion of momentum having 
a similar, though smaller, effect to that of heat. 

With the aim of focusing on axial diffusion effects, 
fluid property variation with temperature and viscous 
dissipation have been disregarded in the present 
analysis, even though they may have a marked effect 
in the range for the independent dimensionless 
parameters considered. However, these effects can 
easily be included in the analysis within the scheme of 
the numerical procedure. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

REFERENCES 

R. K. Shah and A. L. London, Laminar Flow Forced 
Convection in Ducts. Academic Press, New York (1978). 
J. S. Vrentas, J. L. Duda and K. G. Bargeron, Effect of 
axial diffusion of vorticity on flow development in cir- 
cular conduits : part 1. Numerical solutions, A.1.Ch.E. JI 
L&837-844 (1966). 
E. B. Christiansen, S. J. Kelsey and T. R. Carter, 
Laminar tube flow through an abrupt contraction, 
A.I.Ch.E. JI 18, 372-380 (1972). 
F. W. Schmidt and B. Zeldin, Laminar flows in inlet 
sections of tubes and ducts, A.1.Ch.E. JI 15, 612-614 
(1969). 
J. W. McDonald, W. E. Denny and A. F. Mills, Numeri- 
cal solutions of the Navier-Stokes equations in inlet 
regions, J. Appt. Mech. 39,873~878 (1972). 
D. K. Hennecke, Heat transfer by Hagen-Pojseui~le flow 
in the thermal development region with axial conduc- 
tion, Wiirme- und Sroffiiberlr. 1, 177-184 (t968). 
F. H. Verhoff and D. P. Fisher, A numerical solution of 



Steady laminar heat transfer in circular tubes 1051 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

the Graetz problem with axial conduction included, J. 
Heat Transfer 95. 132-134 11973). 
C. J. Hsu: An exact analysis of low P&let number 
thermal entry region heat transfer in transversely non- 
uniform velocity fields, A.Z.Ch.E. JI 17,732-740 (1971). 
E. J. Davis, Exact solutions for a class of heat and mass 
transfer problems, Can. J. Chem. Engng 51, 562-572 
(1973). 
B. Vick, M. N. Ozisik and Y. Bayazitoglu, A method 
of analysis of low P&clet number thermal entry region 
problems with axial conduction, Lett. Heat Mass Trans- 
fer 7, 23S248 (1980). 
B. Vick and M. N. Ozisik, An exact analysis of low 
P&let number heat transfer in laminar flow with axial 
conduction, L&t. Heat Mass Transfer 8, l-10 (1981). 
E. Papoutsakis, D. Ramkrishna and H. C. Lim, The 
extended Graetz problem with prescribed wall flux, 
A.Z.Ch.E. JI 26,779-787 (1980). 
C. W. Tan and C. J. Hsu, Low Pellet number mass 
transfer in laminar flow through circular tubes, Znt. J. 
Heat Mass Transfer 15, 2187-2201 (1972). 
J. Newman, The Graetz problem. In The Fundamental 
Principles of Current Distribution and Mass Transport in 
Electrochemical Cells (Edited by A. J. Bard), Vol. 6, pp. 
187-352. Dekker, New York (1973). 
M. L. Michelsen and J. Villadsen, The Graetz problem 
with axial heat conduction, Znt. J. Heat Mass Transfer 
17,1391-1402 (1974). 
E. Papoutsakis, Nusselt numbers near entrance of heat- 
exchange section in flow systems, A.Z.Ch.E. JI 27, 687- 
689 (1981). 
R. K. McMordie and A. F. Emery, A numerical solution 
for laminar-flow heat transfer in circular tubes with axial 
conduction and developing thermal and velocity fields, 
J. Heat Transfer 89, I l-16 (1967). 
H. L. Langhaar, Steady flow in the transition length of 
a straight tube, J. Appl. Mech. 9, 55-58 (1942). 
R. W. Hombeck, Laminar flow in the entrance region 
of a pipe, Appl. Scient. Res. A13,224232 (1964). 
E. B. Christiansen and S. J. Kelsey, Nonisothermal lami- 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

nar contracted flow, A.Z.Ch.E. JI 18,713-720 (1972). 
E. B. Christiansen and S. J. Kelsey, Heat transfer to non- 
Newtonian fluids in laminar tube entrance flow following 
a contraction, PACHEC Trans., Part III 287-288 (1972). 
E. Ben-Sabar and B. Caswell, A stable finite element 
simulation of convective transport, Znt. J. Numer. Meth. 
Engng 14,545-565 (1979). 
B. A. Finlayson and L. E. Striven, On the search for 
variational principles, Znt. J. Heat Mass Transfer 10, 
799-82 1 (1967). 
C. P. Jackson and K. A. Cliffe, Mixed interpolation in 
primitive variable finite element formulations for incom- 
pressible flow, Znt. J. Numer. Meth. Engng 17, 1659- 
1688 (1981). 
0. C. Zienkiewicz, The Finite Element Method. McGraw- 
Hill, London (1977). 
J. P. Burke and N. S. Berman, Entrance flow devel- 
opment in circular tubes at small axial distances, ASME 
Paper 69-WA/FE-l3 (1969). 
E. B. Christiansen and H. E. Lemmon, Entrance region 
flow, A.Z.Ch.E. JI l&995-999 (1965). 
R. W. Hornbeck, An all-numerical method for heat 
transfer in the inlet of a tube, ASME Paper 65-WA/HT- 
36 (1965). 
C. A. Bankston and D. M. McEligot, Turbulent and 
laminar heat transfer to gases with varying properties in 
the entry region of circular ducts, Znt. J. Heat Mass 
Transfer 13, 319-344 (1970). 
R. Manohar, Quoted by Shah and London as a personal 
communication. 
G. J. Hwang, Quoted by Shah and London as a personal 
communication. 
V. Javeri, Simultaneous development of the laminar 
velocity and temperature fields in a circular duct for the 
temperature boundary condition of the third kind, Znt. 
J. Heat Mass Transfer 19,943-949 (1976). 
R. K. Shah, Thermal entry length solution for the cir- 
cular tube and parallel plates, P;oc. 3rd Nat1 Heat Mass 
Transfer Conf., Indian Institute of Technology, Bombay, 
Vol. I, Paper HMT-1 l-75 (1975). 

TRANSFERT DE CHALEUR EN REGIME PERMANENT LAMINAIRE DANS LA 
REGION D’ENTREE DUN TUBE AVEC DIFFUSION AKIALE DE CHALEUR ET DE 

QUANTITE DE MOUVEMENT 

RCum~Le dtveloppement simultane des profils de vitesse et de temperature dans des tubes circulaires 
est analyse en tenant compte de la diffusion de la quantite de mouvement et de la chaleur. Le problbme 
axisymetrique est pose sur la forme variationnelle par la mdthode des elements finis. Les rbsultats obtenus 
dans le cas des effets de diffusion axiale ntgligeables se. comparent bien avec les solutions anterieures ; en 
presence de diffusion axiale les solutions deja connues sont dispensees et ne s’accordent pas toujours. Les 
resultats de l’ecoulement isotherme present& pour des nombres de Reynolds entre 1 et 1000, montrent 
l’aspect dun dtpassement dans les profils de vitesse axiale et aussi la dependance, vis-a-vis de la coordonnte 
axiale, du nombre de Reynolds et des mecanismes de transfert axial de quantite de mouvement, de diffusion 
radiale a la paroi, de la convection et de la diffusion axiale. Les rbultats de l’bcoulement non isotherme 
present& pour un nombre de Prandtl variant entre 0,l et 100 et pour un nombre de P&let entre 5 et 500, 
mettent en valeur l’effet de la diffusion axiale de quantite de mouvement et de chaleur sur la convection 

thermique. 
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STATIONARER LAMINARER WARMEUBERGANG MIT AXIALEM W.&RME- UND 
IMPULSTRANSPORT IM EINLAUFBEREICH VON KREISROHREN 

Zusammenfassung-Die gleichzeitige Ausbildung des Temperatur- und Geschwindigkeitsprofils in Kreis- 
rohren wird unter Beriicksichtigung des axialen Wirme- und Impulstransports untersucht. Das achsen- 
symmetrische Problem wird in Variationsform durch die Galerkin-Methode mit gewichteten Residuen 
formuliert und dann numerisch mit der Methode der Finiten Elemente gel&t. Die Ergebnisse fiir den Fall 
verschwindender axialer Transporteffekte stimmen gut mit bekannten Grenzschichtliisungen iiberein ; bei 
Beriicksichtigung der axialen Transporteffekte streuen die in der Literatur angegebenen Liisungen sehr und 
stimmen nicht immer iiberein. Die Ergebnisse fiir isotherme Strtimung, dargestellt fiir Reynolds-Zahlen 
zwischen 1 und 1000, zeigen sowohl das Auftreten von tiberhiihungen im axialen Geschwindigkeitsprofl, als 
such die Abhlngigkeit von der axialen Koordinate und von der Reynolds-Zahl der verschiedenen axialen 
Impulstransportvorglnge : radialer Impulstransport an der Wand, Konvektion und axialer Impuls- 
transport. Die Ergebnisse fiir nichtisotherme Striimung, dargestellt fiir Prandtl-Zahlen zwischen 0,l und 
100 und fiir P&let-Zdhlen von 5 bis 500. zeigen deutlich den EinfluD des axialen Impuls- und insbesondere 

Wirmetransports auf den konvektiven WCrmehbergang. 

CTALJkiOHAPHbIfi JIAMklHAPHbIn TEIIJIOOEMEH HA HAYAJIbHOM YgACTKE TPYE 
KPYrJIOrO CE’JEHkIII C AKCHAJIbHbIM I-IEPEHOCOM TEI-IJIA ki HMIIYJIbCA 

Auuo’rwAHanu3HpyeTcr COBMemHOe pa3BHTue npO#ineii c~opoclu II TeMnepaTypbI B Tpy6ax 

~pyrnoro ceYeHmcywTo~aKcHanbHor0 nepeHocaHhmynbcawTenna.0cmihmeTpHwzan3aAava~op- 

~ynHpyeTcff B sapRamioaHofi aophfe MeToAoh4 n3nemeHHblx pa3Hocrefi RmepKaaa,a 3aTeM pemaeTcn 

SHCneHHOMeTOAOMYOHeYWbIX3neMeHTOB.~e3ynbTaT~,~Ony~eHH~e~KCn)"IaK~~He6~~oManblX 

3@eKTOB aKCEia.llbHOii A@4Iy3HH, yAOBneTBOpSiTenbH0 COrnaCyIOTCK C H3BeCTEdMH ~UleHHKMH AJIR 

uOrpaH&%¶HOrO CnOJT; IIpH CyIIWCTBeHHOii poJIH aKCWaJlbHOr0 IIepeHOGI peIIIeHHK HeAOCTaTOSHO IlpeAC- 

TasnemnnHTepaTypeH HemzerAacornacymTcKMemy co6oii. I43 pe3ynbTaTonannH30TepmmecKoro 

Te'ieHBR IIpH YHCne PetiOnbACa B AHalIa30He OT 1 A0 loo0 MOlHO CAeJIaTb BbIBOA 0 B03HHKHOBeHHU 

eb16pocOB B lIpO@iJle IIpOAOJlbHOii CKOpOCTH, a TaKXCe 3aBHCHMOCTII pa3JlEWIbIX IXpOUeCCOB IIepeW3Ca 

&iMIIyJIbCa(paAHWlbHOir IIpHCTeHHOii AH&$y3HW,KOHBeKLWH Ii aKCHWIbHOfiAH'#Iy3EiEi)OT OCeBOii KOOp- 

AIfHaTbl W YHCJla PetiHOnbACa. &iHHbIe AJIX HeH30TepMH'feCKOrO TeYeHYIR IlpH WCne npaHATJIK, 

H3MeHKKWehfCII OT 41 A0 100, H qHCJlaX neKJIe--oT 5 A0 500 HMEOCTpHpyiOT BJUiXHIie aKCHaJIbHOr0 


