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Abstract—The simultaneous development of the velocity and temperature profiles in circular tubes is
analysed, accounting for axial diffusion of both momentum and heat. The axisymmetric problem is
formulated in variational form by the weighted residuals Galerkin method and then numerically solved by
the finite element method. Results obtained in the case of vanishing axial diffusion effects satisfactorily
compare with previous boundary layer solutions; in the presence of axial diffusion effects the solutions
presented in the literature are scanty and do not always agree. The isothermal flow results, presented for
Reynolds numbers ranging from 1 to 1000, show the appearance of the overshoots in the axial velocity
profile, as well as the dependence on the axial coordinate and Reynolds number of the various axial
momentum transfer processes—radial diffusion at the wall, convection and axial diffusion. The non-
isothermal flow results, presented for the Prandtl number ranging from 0.1 to 100 and the Péclet number
from 5 to 500, point out the effect of axial diffusion of momentum and, above all, of heat, on the convective
heat transfer rate.
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INTRODUCTION

AXIAL DIFFUSION of both momentum and heat is
usually overlooked in the design and analysis of heat
transfer devices. Nevertheless, the first may affect con-
siderably the velocity distribution in low Reynolds
number flows; the second, the temperature dis-
tribution at low Péclet numbers. Moreover, in the
convective heat transfer of low Reynolds number
flows, the axial diffusion of momentum may also affect
the temperature distribution in the fluid. This is the
case of the simultaneous development of temperature
and velocity profiles in slow flows. Shah and London
[1] reviewed the most relevant bibliography about
hydrodynamically and thermally developing flow in
their monograph on laminar forced convection in
ducts. The distinct analyses of hydrodynamic and
thermal entrance problems provide the limits beyond
which axial diffusive transport can be neglected with
respect to radial diffusive and convective transport.
Momentum axial diffusion, as well as radial pressure
gradient, can be neglected far from the immediate
entrance, providing the Reynolds number is greater
than about 400, while axial diffusion of heat can be
neglected at Péclet numbers greater than 10 when the
wall heat flux is specified as uniform at the boundary,
case @, and greater than 50 when the wall temperature
is specified as uniform at the boundary, case @. Below
these limits or near the entrance, axial diffusive trans-
port considerably affects the development of velocity
and temperature profiles.

Vrentas et al. [2] first showed the effect of momen-
tum axial diffusion in the hydrodynamic entry length
problem for an isothermal fluid flowing in a circular

tube. Christiansen et al. [3] extended this analysis to
the presence of an abrupt contraction. Both solved
the complete momentum equation in an infinite
domain by the finite difference method. The upstream
portion of the duct is a stream tube, impermeable and
frictionless ; the downstream portion is a real tube,
with no slip at the tube wall. In the stream tube, away
from the entrance, the velocity distribution is uniform.
Near the entrance of the real tube, the high axial
gradients in the velocity field cause diffusion of
momentum upstream. This results in some velocity
profile development in the stream tube. Momentum
axial diffusion may also affect considerably the
velocity profiles in the real tube where, at low
Reynolds numbers, it attenuates to disappearance the
overshoots which are formed in the axial velocity pro-
file to satisfy the continuity equation near the
entrance. A further effect is the increase of the hydro-
dynamic entrance length as the Reynolds number
decreases.

Many other investigators have analysed the hydro-
dynamic entrance problem by solving the complete
momentum equation while assuming a known
velocity profile at the inlet. This condition prevents
momentum from diffusing upstream ; their solutions
are therefore of minor relevance for the present paper.
Schmidt and Zeldin [4] assumed an initial condition
of irrotational uniform velocity in their numerical
solution. They showed that the pressure drop in the
entrance region lowers with increasing Reynolds
number ; nevertheless their distributions of the appar-
ent Fanning friction factor-Reynolds number product,
tabulated in ref. {1], show different shapes for different
Reynolds numbers. Shah and London are not certain
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L/(2R Pe)

n dimensionless outer normal to the
boundary of the integration domain,
n/R

Nu  Nusselt number, 2Rh/k

p dimensionless pressure, p’/(pU%/2)

Pe Péclet number, Re Pr

Pr Prandtl number, vpc/k

q heat flux
¥ dimensionless radial coordinate, r'/R
Fmax  dimensionless radial position where the

maximum increment of the axial
velocity component takes place
R radius of the tube

R residual of a conservation equation

Re Reynolds number, 2RU/v

S dimensionless boundary surface of the
integration domain, S'/R?

T temperature

@ thermal boundary condition referring to

uniform wall temperature

NOMENCLATURE
c specific heat u dimensionless fluid axial velocity, u'/U
C pressure correction factor, equation (25) U fluid mean axial velocity
fipp  apparent Fanning friction factor, v dimensionless fluid radial velocity, v’/ U
equation (22) V dimensionless volume of the integration
fon average Fanning friction factor in the domain, V’/R?
hydrodynamic entry length, equation X dimensionless axial coordinate, x'/R
(23) x* dimensionless axial coordinate for the
h convective heat transfer coefficient hydrodynamic entrance region,
® thermal boundary condition referring to x'/(2R Re)
uniform wall heat flux x* dimensionless axial coordinate for the
k thermal conductivity thermal entrance region, x'/(2R Pe)
k. thermal conductivity in the axial x}.. dimensionless axial position where the
direction maximum increment of the axial
K, momentum axial diffusion correction velocity component takes place.
factor, equation (29)
K, momentum flux correction factor, Greek symbols
equation (24) A« Mmaximum increment of the axial velocity
Ly,  dimensionless hydrodynamic entrance component as a percentage of the
length, L;,/(2R Re) centreline value
L%  dimensionless thermal entrance length, ®, dimensionless fluid temperature for the

@& thermal boundary condition,
(T_ Te)k/(Zwa)
®;  dimensionless fluid temperature for the
@ thermal boundary condition,
(T_ Tw)/(Te— Tw)

v kinematic viscosity
P density.
Subscripts
e initial value at x’ = — o0
fb fluid bulk

fd fully developed flow
H @& boundary condition
T @ boundary condition
w wall

x local value.

Superscripts

! dimensional quantity
average value over the tube cross-section
trial function.

as to whether this trend is to be attributed to the
nature of the finite difference equations and
numerical method at startup or to the overshoots in
the velocity profile, which for Schmidt and Zeldin’s
initial conditions are stronger than in the stream tube—
real tube model, as the comparison between the results
presented in refs. {2, 3] and those of McDonald et al.
[5} shows.

All of the above analyses involve isothermal flow.
The effect of axial heat conduction is particularly
shown by the solution of the complete energy equation
in an infinite domain. In this paper attention is focused
on the thermal entrance problem in circular tubes of

infinite extent with wall heat flux or wall temperature
specified as uniform at the boundary, while assuming
that the upstream portion of the tube is thermally
insulated. Hennecke [6] and Verhoff and Fisher [7]
applied the finite difference method to this problem,
assuming uniform heat flux at the boundary. Hsu [8],
Davis [9], Vick et al. [10] and Vick and Ozisik [11]
analytically analysed the same problem. Papoutsakis
et al. {12] obtained an analytical solution for the more
general problem of a heating section of finite length.
Verhoff and Fisher [7] analysed the thermal entrance
problem also with the @ boundary condition. Tan
and Hsu [13], Newman {14] and Michelsen and
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Villadsen [15] analytically analysed this same
problem. For both thermal boundary conditions, at
low Péclet numbers, a considerable amount of heat is
conducted upstream in the tube not directly heated,
thus affecting the temperature distribution at the
entrance. As a further effect of axial heat diffusion,
the thermal entrance length increases as the Péclet
number decreases. For the @ boundary condition, the
local Nusselt number decreases near the entrance as
the Péclet number decreases, but increases further
downstream. Tan and Hsu [13] observed a similar
trend also for the @ boundary condition, whereas the
Michelsen and Villadsen [15] solution shows that the
local Nusselt number increases as the Péclet number
decreases, approaching infinity near the inlet. The
analysis of Newman {14] confirms this trend. Verhoff
and Fisher [7] do not specify any particular trend for
the local Nusselt number distribution, while showing
by their results a less steep increase towards the inlet.
Papoutsakis [16] analysed the behaviour of his
analytic solution near the entrance for various
combinations of wall boundary conditions. He
observed also that for the Neuman boundary con-
dition upstream and the Dirichlet one downstream,
the Nusselt number near the entrance of the heating
section should be bounded, as in the case of the
Neuman boundary condition required all along the
tube.

McMordie and Emery [17] analysed the problem
of simultaneous development of temperature and
velocity profiles in a semi-infinite circular tube
accounting for axial heat diffusion with uniform initial
temperature and uniform wall heat flux at the bound-
ary. They numerically solved the energy equation,
assuming a uniform velocity profile for the initial
portion of the inlet region while using the Langhaar
[18] solution further downstream. This is a boundary
layer-type solution which neglects momentum axial
diffusion as well as the radial pressure gradient.
Moreover, also within the limits of this idealization,
the Langhaar velocity distribution provides a poor
approximation, which Hornbeck [19] ascribes to the
linearization of the inertia terms in the momentum
equation. Owing to the initial condition, their local
Nusselt number increases as the Péclet number
decreases near the entrance, where it is unbounded.
Christiansen and Kelsey numerically analysed the
simultaneous hydrodynamic and thermal develop-
ment of Newtonian [20] and non-Newtonian [21]
fluids following an abrupt contraction with the @
boundary condition. However, computational insta-
bilities limited their computations to Reynolds and
Péclet numbers of less than 100. The local Nusselt
number distributions presented in ref. [21] show that
near the entrance, axial diffusion causes the local
Nusselt number to approach an upper limit which
increases as the Péclet number increases.

The author is unaware of any previous analyses of
axial diffusion effects in simultaneously developing
flow in circular tubes of infinite extent. Moreover, the
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axial diffusion of momentum in isothermal flows and
of heat in hydrodynamically developed flows requires
further analysis, as the results presented in the quoted
literature also show.

In this paper, the problem of simultaneously develop-
ing flow in a circular tube—accounting for axial
diffusion of both momentum and heat—is analysed.
The axisymmetric problem is treated numerically by
the finite element method, which Ben-Sabar and
Caswell [22] have shown to be stable in convection—
diffusion transport. The assumption of constant
property fluid allows the hydrodynamic and thermal
entrance problems to be solved independently. The
discrete system of equations in the velocity
components, pressure and temperature is obtained by
applying the weighted residuals Galerkin method to
the conservation equations. The domain of inte-
gration is discretized by means of axisymmetric
elements having triangular cross-sections. Within
each element, the velocity components and tem-
perature are approximated by quadratic polynomials
and the pressure by linear polynomials. All the volume
and surface integrations in the coefficient matrix, as
well as on the right-hand side of the solving system,
are performed analytically. The nonlinearity in the
momentum equation is handled by an iterative
scheme. The systems of linear algebraic equations are
then solved by a library subroutine.

BASIC EQUATIONS AND RELEVANT
PARAMETERS

The problem analysed in this paper concerns steady
laminar flow of a Newtonian constant property fluid
through a circular tube of infinite extent. Viscous dis-
sipation is neglected. In the upstream region (x” < 0),
the wall is impermeable, frictionless and thermally
insulated ; in the downstream region (x” > 0) the wall
is real and subject to the boundary condition of
uniform wall heat flux or uniform wall temperature.
Far upstream the temperature is uniform and the
velocity irrotational with a uniform axial component.

By utilizing the dimensionless quantities defined in
the Nomenclature, the dimensionless form of the
governing equations is as follows :
continuity equation
du ov v
8x+6r+r_0’ M

momentum equation

axial direction

G tdp 2 (P e o)
“ox TUorT T 26ox " Re\arr T raor | ox?
radial direction

B o 1o 2 (P ta o 0|
u6x+var__26r+Re o ror ot oxt)’

&)
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energy equation

10@

ror

® 0 2/(re
“ox TVar T Pe\ar

+ a-®>. @)

ox?

For equations (1)-(3) the following boundary con-
ditions are required :

w(—oo,)=1 0<r<l (5)
d
@ -0 0<r<l1 6)
0x i
w(oo, ) =2(1—r?) 0<r<l N
v(oo,r)=0 0<r<i (8)
d
2 =0 —w<x< o ©)
orl_o
v(x,00)=0 —oL<xgw (10)
0
M0 —o<x<0 an
arrkl
u(x,)=0 0<x<w (12)
v(x,1)=0 —oo < x< . 13)

For the energy equation, two different boundary con-
ditions are considered :

uniform wall heat flux @

O,y(—0,N=0 0<r<| (14)
009y 4
- =— 0<rg
ax | = Pe 0<r<1 (15)
00, I
=z 0<x<w; 1
G |, "2 0<x<w (16)
uniform wall temperature @
O (—om,)=1 0<r<l a7n
0
007 =0 0<gr<l1 (18)
0x |i—x
Orx,)=0 0<x< 0. (19)
And, for both thermal boundary conditions :
®
87’ =0 —wo<x<0 (20)
or r=1
Q
® =0 —oo<x< . @n
or o

In the above relations, the axial coordinate is made
dimensionless by the same reference length as the
radial one, i.e. the radius of the tube. Nevertheless,
the following dimensionless axial coordinates are
appropriate for the presentation and analysis of the
entry region results:
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for isothermal flow

X
P
Y T 3RRe
for non-isothermal flow
x’
* .
T oRPe

In the solution of the simultaneously developing
laminar flow problem, the following dimensionless
groups are of most interest :

the apparent Fanning friction factor

Fl—o0)—p(x*)
funt) <PEEIEN
the mean Fanning friction factor in the hydrodynamic
entrance region

1 4 (" ou
+y — g + .
Salx) = = o J o e @
the momentum flux correction factor

t
ky(xT) = ZJ w'rdr; 24)

0

the pressure correction factor
C = (fopp Re— 16)4Ly, (25)

where Ly, is the dimensionless hydrodynamic entrance
length, defined as the dimensionless axial position at
which the centreline velocity reaches 99% of its fully
developed value ;

the fluid bulk temperature

1 !t
O = f Our dr/[ ur dr; (26)
0 0
the local Nusselt number
e
Ny, = 2—67 /(G)w —0Op). vx))
r=1

A further relevant parameter is the dimensionless ther-
mal entrance length, L, which is defined as the
dimensionless axial position at which the local Nusselt
number achieves the value 1.05Nuy.

The parameters defined by relations (22)-(24)
appear in the macroscopic balance equation of axial
momentum for the control volume included between
the tube wall and the cross-sections x* = — o0 and
x*. This balance gives

1 i
f;\pp Re =fm Re+ ‘2? (Kg— 1)+ 2)? K, (28)

where K, is the momentum axial diffusion correction

factor
2 {' ou
+ e ——
K.(x*) = Ro? L Fr dr. (29)
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According to the momentum theorem, the left-hand
side of equation (28) represents the resultant of all
external forces acting in the axial direction on the
control surface—that is, the pressure acting on the
two boundary cross-sections. The right-hand side rep-
resents the rate of creation of axial momentum inside
the control volume, that is, outflow minus inflow of
axial momentum : the first term represents the axial
momentum diffusing in the radial direction across the
wall of the real tube, the second represents the axial
momentum convected across the circular sections x*
and x* = —co and the third represents the axial
momentum diffusing in the axial direction across the
circular section x*, the axial gradient of the axial
velocity component vanishing at x* = — 0.

SOLUTION METHODOLOGY

Conservation equations (1)-(4) with boundary con-
ditions (5)-(21) have been solved numerically by the
finite element method. The problem is reformulated
by the weighted residuals Galerkin method, which
Finlayson and Scriven [23] have shown to be the most
straightforward in the variational formulation of
transport problems. In the Galerkin method, the
unknown fields u, v, p and ® are approximated as
linear combinations of trial functions 4, &, § and ®
which do not exactly satisfy the conservation equa-
tions but give residuals, R. The unknown coefficients
in these linear combinations are determined by the
need for the residuals to be orthogonal to each of the
respective trial functions, that is

iRCﬁdeo (30)
ikmxﬁdt/=0 31
inm,mw:o 32
ﬁReé dv =0. (33)

By expanding the residuals and integrating by parts
those integrals that have second-order partial deriva-
tives, the equations on which the method is based are

as follows:
ou v v\
J;(a—x—l-g-l-;)pdV:O 34)
ou, ou Vop\, 2 (oud
5 uax_H'@r 20x “+Re ar or
Ou 0 2 Ou
+6 6x)}dV i]@a—"ds (35)
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Gy 2 Lopy, 2 (00
W TR T 29 ) R\
v 06 2 ov
+5*5n }dV= | 2o 3, 74S (6)

00 20\ . aea@ LN
Yo T + xox T
Ji—ec:)dS 37)

where, now, u, v, p and ® are the approximate fields
of velocity, pressure and temperature. A characteristic
feature of the method is the insertion of the boundary
conditions. Adopting the terminology of the calculus
of variations, boundary conditions (6), (9), (11), (15),
(16), (18), (20) and (21) enter the formulation as
natural boundary conditions, being included in the
surface integrals which appear on the right-hand side
of equations (35)—(37), while the essential boundary
conditions (5}, (7), (8), (10), (12)-{14), (17) and (19)
must be set directly in the solving system. In the appli-
cation of the finite element method, equations (34)~
(37) give a system of algebraic equations the
unknowns of which are the values that the unknown
functions assume at the nodal points of the dis-
cretization.

In the present analysis the finite element dis-
cretization of the integration domain is obtained by
axisymmetric elements having triangular cross-
sections. The axial spacing is increased logarithmically
with the dimensionless coordinate in order to achieve
greater accuracy near the tube entrance. Each decade
is then subdivided into a constant number of elements
starting from x* or x* = 0.00001 for the downstream
tube; in the upstream one the discretization is sym-
metric with respect to the origin. The mesh becomes
thicker and thicker near the wall, owing to the strong
radial gradients of both velocity and temperature
inside the hydrodynamic and thermal boundary
layers. Mixed interpolation is adopted following the
recommendation of Jackson and Cliffe [24]: in each
element the velocity components and temperature are
approximated by quadratic polynomials, and the
pressure by linear polynomials. In this way the
velocity components and temperature are each
interpolated through six nodes located at the triangle
vertices and their midsides; the pressure is inter-
polated only through the vertex nodes. The volume and
surface integrals which appear in equations (34)-(37)
are computed analytically, expanding the integrand in
area coordinates [25]. Neglecting the fluid property
variation with temperature allows the hydrodynamic
problem to be solved independently of the thermal
one. Therefore, the system of non-linear algebraic
equations derived from equations (34)-(36) has been
solved first: from the domain subdivision into 1296
elements with 2713 nodal points one obtains a system
of 5819 non-linear algebraic equations the matrix of
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which has a semiband width of 111, This system has
been solved iteratively by a library subroutine; at
each iteration the non-linear convective terms in the
momentum equation are linearized by the values
obtained in the previous step. At the start of the iter-
ation process the radial velocity component is zero
everywhere; the axial component is 1 everywhere
except at the real tube wall, where it vanishes. As a
convergence criterion it was required that the vari-
ation of any nodal value was less than 0.01% in two
successive iterations. In all the cases considered, the
convergence was achieved with not more than 15 iter-
ations. Substitution of the computed velocity field in
the system of linear algebraic equations which is
derived from the energy equation allows the tem-
perature field to be solved. Computation of the surface
integrals appearing in equations {35)-(37) is needed
only for the elements having a portion of the boundary
in common with the domain boundary, on which a
condition of non-vanishing momentum or heat
diffusive flux is required. After solving the system of
equations (34)-(37) with boundary conditions (5)—
(21), the nodal values were inserted in the left-hand
side of equations (35)-(37) to compute the diffusive
fluxes across the surfaces of interest. In this case, too,
all the integrals have been computed analytically
as well as those needed to compute the considered
parameters.

A few analytical solutions may be found in the
literature to compare the present numerical one. For
the hydrodynamic entrance problem no exact
analytical solution has been obtained, while an ana-
lytical solution of the thermal entrance problem with-
out inclusion of axial heat diffusion has been tabulated
by Shah and London {i] for the @ and ® (Graetz
problem) boundary conditions. Comparison with the
local Nusselt number tabulated in ref. [1] shows an
approximation for the numerical solution of the
energy equation better than 0.25% for every
x* > 0.00001, for the @ boundary condition; in the
case of the @ boundary condition the approximation
is not so good, being better than 0.5% for x* > 0.0001
and better than 1% for x* > 0.00005. For the second
boundary condition the axial positions far down-
stream are excluded from the comparison, the local
Nusselt number being computed as a ratio of wall
heat flux and wall to fluid temperature difference, both
vanishing near the end of the entrance section. For
isothermal flow and for the more general case of sim-
ultaneously developing flow, further comparisons
with experimental data and theoretical solutions are
discussed in the next sections.

ISOTHERMAL FLOW RESULTS

The system of equations (34)-(36) has been solved
for the following Reynolds numbers: 1, 5, 50, 150,
500 and 1000. The value 1000 may be assumed to be
the limit for which, far from the immediate entrance.
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the solution coincides with that obtained inside the
boundary layer idealization, which is independent of
the Reynolds number, being similar in the r and x*
coordinates.

The radial distribution of the axial velocity com-
ponent is shown in Fig. 1 for various upstream and
downstream x* values. At low Re, the upstream
diffusion of momentum causes considerable develop-
ment of the velocity profile inside the stream tube.
For Re >z 150 the axial velocity profiles have a local
minimum on the tube centreline and symmetrically
located maxima on either side of it. This non-
monotonic radial trend, which never appears at the
lower Re values considered (Re < 503, is referred to
as velocity overshoot. Velocity overshoots are present
in the downstream tube within a well-defined axial
interval which shifts towards the entrance as Re
increases. By comparing the nodal values (without
interpolation between them) the maximum increment
of the axial velocity component as a percentage of the
centreline value, A, has been obtained; the A,
values and the axial and radial positions where they
take place are presented in Table 1 as a function of
Re. Vrentas et al. [2] solved the complete conservation
equations for a maximum Re value of 250; for
Re > 50 they observe the same effect but with the
maximum velocity never more than 0.05% higher
than the centreline velocity. Christiansen et al. [3]
numerically analysed the laminar isothermal flow
through an abrupt contraction. For Re values up to
500 they also present results for the circular tube of
constant cross-section, assuming the stream tube-real
tube model, while finding stability problems in the
solution for Re > 100. At relatively high Re they
found a concavity in the entrance-velocity profile, but
with an increment of the axial velocity over the
centreline value of a few tenths of 1%. The velocity
increments observed in the latter two works are low
by comparison with the values presented in Table
1. Nevertheless, an exact comparison is not possible
because these investigators do not specify the x* and
Re values at which the velocity overshoots were
observed. It seems, however, that they observed this
effect at relatively low Re values at which, owing to
the axial diffusion of momentum, the concavity in
the axial velocity profile is less evident.

This effect is also clearly shown by the experimental
results of Burke and Berman [26]. At Re = 108, 206
and 340 they found the velocity overshoots for x*

Table 1. Maximum increment of the axial velocity com-

ponent as a percentage of the centreline value, A, and

axial and radial position where it takes place, for different
Reynolds numbers

Re
150 500 1000
Xihax 0.002 0.0005 0.0002
Froax 0.45 0.70 0.85
Aok 1.1 2.1 2.1
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Re - 500 - Re=1000

x*
3 -001

L 4 -.0001
5 -.00001

Re =500

[ o Hormbeck[1e]

'l 1
0 2 4 86

1

2 1 i
0 2 4 8 r 1 0 2 4 £ r 1

Fic. 1. Developing axial velocity profiles.

between 0 and 0.00075, with the maximum increment
of the axial velocity over the centreline value up to
5.2%. At the highest Reynolds number value, where
the precision of the x* measurement is best, the
maximum increment happens at x* = 0.00045, The
Burke and Berman results are not directly comparable
with the present ones because of differences in the
entrance conditions ; however, the axial position and
the order of magnitude of the maximum increment
both essentially agree with the values presented in
Table 1.

In Fig. 1 the boundary layer solution of Hornbeck
[19] is also shown; comparison shows that at high
Reynolds numbers and far from the immediate
entrance, the boundary layer approximation gives
axial velocity distributions in fairly good agreement
with the solution of the complete momentum equation,
while masking the characteristic feature just discussed.

The computed apparent Fanning friction factor—
Reynolds number product distributions are shown
in Fig. 2 for different Reynolds numbers; f,, Re
decreases as x* increases and increases as Re decreases
without showing the different trends evident in the
Schmidt and Zeldin results. However, it must be
pointed out that their solution requires irrotational
velocity with the uniform axial component at x* = 0.
In the same figure, the Hornbeck boundary layer sol-

ution [19] is also shown; far from the immediate
entrance it practically coincides with the present one
for high Reynolds numbers.

In Fig. 3 the terms appearing on the right-hand side
of the axial momentum balance equation (28), the
sum of which equals £, Re, are shown as a function of
x*. At high x* values (x* > 0.005), the total pressure
drop from — oo to x* is mainly due to skin friction,
the term f,, Re prevailing over the others for every
Reynolds number considered. Near the entrance, a
considerable portion of the total pressure drop is due
to the change in the shape of the velocity profile; at
relatively high Re (Re > 5), the term accounting for
momentum convective transport, (K;— 1)/(2x™), pre-
vails over that accounting for axial diffusive transport,
K,/(2x™), this not being negligible only at low Re
(Re < 50).

The dimensionless hydrodynamic entrance length
and the pressure correction factor are presented in
Table 2 with the corresponding values obtained by
Christiansen ef al. [3] and by Vrentas et al. [2]. At
Re = 150 and higher, L;, coincides with the value
quoted in ref. [3] as obtained numerically by
Christiansen and Lemmon [27] through simplifying
the conservation equations on the basis of the bound-
ary layer assumptions. For Re < 150, the present L,
is always considerably longer than the values of
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FiG. 2. Apparent Fanning friction factor~Reynolds number product for developing laminar flow.

Christiansen et @/. and Vrentas ef al. Both these teams
of investigators solved vorticiy~transport equations
by a numerical procedure using relaxation to obtain
the values quoted in Table 2. However, Christiansen
et al. (3] obtained L, values 2-10% longer by solving
the same problem with a different numerical method
(fourth-order stream-function equations solved by
relaxation).

The pressure correction factor values obtained in
the present work are, for every Re, higher than those
presented in ref. {3], which do not agree either with
the corresponding values of Vrentas ef al. [2]. As
Re increases, the pressure correction factor decreases

monotonically to the value quoted in ref. {3], as
obtained in the boundary layer solution of
Christiansen and Lemmon {27].

NON-ISOTHERMAL FLOW RESULTS

In the case of a non-isothermal fluid, the problem
considered is of simultaneously developing flow with
axial diffusion of both momentum and heat. The
dimensionless group to account for axial heat
diffusion is the Péclet number. With the aim of point-
ing out the effects of axial diffusive transport, results
for Pr = 0.7 and different Re values—that is, different

N: A rY"l' Ll T ¥ ‘TT\'\" T L) LEL ll1\’ T T Ll L IT‘IE
sf Re ]
2‘ @ 1 ]
@ 5
d @ 150 3
s ® 500 ]
C 1000 }
2} J
~

NN
102 \\\\\ — f.Re F
5: \®\\\\ 1 ]
t RSN A

AN _ 1
2t AN 2x* @ N
\\\

100 N et aaaal 3 e etdaaal 5 " 1:..;[‘1\- sl 1 Ll
2 5 10° 2 5 10° 2 5 10 2 5 10° 2 x* 10

FiG. 3. Terms representing the rate of creation of axial momentum inside the control volume between the
tube wall and the cross-sections x* = — o and x*, according to the axial momentum balance equation
(28).
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Table 2. Dimensionless hydrodynamic entrance length and pressure correction factor for different Reynolds
numbers

Ly, C
Present Present
Re solution Ref. [3] Ref. [2] solution Ref. [3] Ref. [2]
1 0.385 0.333 0.33 8.77 6.82 7.76
5 0.095 0.086 2.53 222
50 0.054 0.050 0.047 1.34 1.27 1.40
150 0.055 0.050 0.048 1.28 1.23 1.36
500 0.055 0.056 1.26 1.23
1000 0.055 1.26

Pe values—are first presented and analysed in detail.
The analysis is then extended to different Pr values.
The graphical results for Pr = 0.7 are shown in Figs.
4-9. The dashed lines refer to the case of negligible
axial heat diffusion, obtained by setting the second
partial derivative in the axial direction to zero in equa-
tion (4). Therefore, the shifting of the dashed line from
the full line shows the effect of axial heat diffusion,
while the shifting between the dashed lines shows the

effect of momentum axial diffusion and radial pressure
gradient.

Fluid temperature distributions presented in Figs. 4
and 5 show the predevelopment of the temperature
profile caused by axial heat diffusion at low Pe. At
Pe = 3.5 the effect of axial heat diffusion is marked
for both boundary conditions; at Pe = 35 it is still
evident, particularly near to the entrance, while at
the highest Pe the axial heat diffusion is ineffective.
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F1G. 4. Developing temperature profiles for the @ thermal boundary condition : ——, axial heat diffusion
included ; ———, axial heat diffusion neglected.
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Fic. 5. Developing temperature profiles for the @ thermal boundary condition : ——, axial heat diffusion
included ; ———, axial heat diffusion neglected.
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° 0o 2 4 8 8 r 1

F1G. 6. Developing temperature profiles for the @& thermal
boundary condition, obtained by solving the complete
momentum equation while neglecting axial heat diffusion.

Nevertheless, some minor effect persists at Pe = 350
for the @ boundary condition. For the & boundary
condition, the curves obtained by neglecting axial heat
conduction are compared in Fig. 6, limited to the
highest and lowest Pe values. Near the entrance
(x* £0.001), momentum axial diffusion and the
radial pressure gradient cause the fluid temperature to
increase at low Re, while showing the opposite effect
further downstream {x* = 0.01). The reason for this
behaviour can be easily explained as follows. The heat

G. PAGLIARINI

entering the flow is specified at the boundary and,
in the absence of axial heat diffusion, the fluid bulk
temperature for every x* is specified too. The curves
of Fig. 1 show that near the entrance, as Re increases,
the axial velocity component increases near the wall;
further downstream the same curves show the
opposite behaviour, the axial velocity component
being higher near the wall at low Re. From equation
(26) it follows that to an increase of the velocity axial
component near the wall, where the thermal boundary
layer is developing, there must be a corresponding
decrease in the fluid temperature, and vice versa, to
ensure that the fluid bulk temperature is constant with
x*,

For the @ boundary condition, the effect of differ-
ent velocity profile developments at different Re values
is shown by the fluid bulk temperature distributions
presented in Fig. 7. Dashed lines show that the
momentum axial diffusion lowers the efficiency of the
heat transfer process near the entrance. In case @, the
fluid bulk temperature distribution is the same for
different Pe values, when axial heat diffusion is
neglected ; in Fig. 7, the curve pertinent to this case is
indistinguishable from the full line relative to
Pe = 350 which, for x* > 0.01, is indistinguishable
from that obtained for Pe = 35. On the other hand,
in case @ axial heat diffusion produces perceptible
modifications in the fluid bulk temperature also at
the highest Pe value, confirming that in the thermal
entrance problem, axial heat diffusion is more effective
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FiG. 7. Fluid bulk temperature:

, axial heat diffusion included ; ———, axial heat diffusion neglected.
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in the case of the @ than in that of the @ boundary
condition. For both thermal boundary conditions, the
fluid bulk temperature at the entrance may differ
considerably from the value far upstream, the effect
of momentum axial diffusion and the radial pressure
gradient being masked by the axial heat diffusion at
low Pe values.

The local Nusselt number distributions are shown
in Figs. 8 and 9. For both thermal boundary
conditions, the considered higher-order effects cause,
on the whole, a decrease in Nu, near the entrance and
an increase further downstream, such behaviour being
shown also by the solution obtained when neglecting
axial heat diffusion (dashed lines). This last effect can
be easily explained, at least in case @, on the basis of
temperature and axial velocity profiles. If heat flux is
specified at the boundary, in the absence of axial heat
diffusion, Nu, depends on the wall temperature only,
which, as shown in Fig. 6, increases at low Re near
the entrance and decreases further downstream, pro-
ducing opposite behaviourin Nu,. Evenif at Re = 500
some effect of momentum axial diffusion and radial
pressure gradient still persists, the dashed line
obtained for Pe = 350 can be assumed to be the limit
solution with which solutions incorporating the
boundary layer approximation can be compared. In
Fig. 8, the numerical solutions of Hornbeck [28] and
Bankston and McEligot {29] compare favourably with
the present one for every x*, while that of Manochar
{30], as tabulated in ref. {1}, is sometimes higher.
Sample points representing the numerical solutions of
Manohar [30] and Hwang [31], as tabulated in ref. [1],
as well as the numerical solution of Hornbeck [28] and
the analytical one of Javeri [32], are plotted in Fig. 9.
All of these are in close agreement with the present
finite element solution at high x* (x* > 0.001), while
the Nu,, of Hornbeck and, in particular, of Hwang
are lower near the entrance.

Distributions of Nu, for different Pr values are
shown in Figs. 10 and 11 for @ and @ thermal bound-
ary conditions, respectively. Curves refer to various
Pe values for Re ranging from 5 to 500. The Nu,
distributions for thermally developing and hydro-
dynamically developed flow (Poiseuille velocity pro-
file) are also shown in the same figures (dashed lines).
The solution of the thermal entry problem obtained
by Hennecke [6] by accounting for axial heat diffusion
compares favourably with the present solution in Fig.
10. In the case of the @ boundary condition, the
hydrodynamically developed flow results at low Pe
show a trend towards a uniform Nu, »limit value near
the entrance, in agreement with the results of Tan and
Hsu [13]. Their Nu,,, shown in Fig. 11 for Pe=3
and 5, is, however, lower near the entrance and higher
further downstream. The Nu, distributions obtained
by Verhoff and Fisher [7] for Pe = 5 and by Michelsen
and Villadsen [15] for Pe = 3 are also shown in the
same figure. At low x* values, they are higher than
the present solution, the local Nusselt number
obtained by Michelsen and Villadsen being un-
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bounded at the entrance. In agreement with the results
of Papoutsakis’ analytical analysis [16], at low Pe
values Mu, approaches a finite value at the entrance
for both thermal boundary conditions. The curves of
Figs. 10 and 11 confirm that this is true also in the case
of simultaneously developing flow; at greater Pe or
at lower Pr, Nu, decreases near the entrance, or also
shows the trend towards a finite value which is,
however, not reached within the interval considered
for the abscissa. Further downstream, the local
Nusselt number increases as Pe decreases, the effect
of axial heat diffusion being greater for the @ than
for the ® boundary condition. Curves referring to
hydrodynamically developed flow confirm the exist-
ence of a common intersection point near x* = 0.075
for the ®@ boundary condition. For simultaneously
developing flow, a common intersection is no longer
found, while for the @ boundary condition, the com-
mon intersection point is not present even for hydro-
dynamically developed flow. The effect of the devel-
oping velocity profile is also clearly shown by the
results. With Pe being constant, an increase in Pr
always causes a decrease in Nu,; a similar effect is
due to the momentum axial diffusion owing to the
predevelopment in the velocity profile. For the @
boundary condition, all the curves go asymptotically
to a value of 4.3636, whereas in the case of the @
boundary condition the limiting value depends on Pe.

The dimensionless thermal entrance length is pre-
sented in Table 3 for the cases analysed. For Pr = 0.7,
the values obtained by neglecting axial heat diffusion
(k, = 0) are also presented in Table 4. In this case
the dependence of L¥ on Pe is exclusively due to
momentum axial diffusion, which at Pe =35
{Re = 5) produces an increment in L} of about 31
and 29% for conditions @ and @, respectively, while
being practically ineffective at Pe = 35 (Re = 50).
Neglecting axial heat diffusion, Shah [33] analytically
obtained the following values for the hydro-
dynamically developed flow: L%, =0043 and
L¥ »=0.033. For simultaneously developing flow
with Pr = 0.7, Shah and London [1] suggest the value
L¥ 4 = 0.053 based on the Nu,, of Bankston and
McEligot [29], and the value L} , = 0.037 based on
the values of Nu,  of both Manohar [30] and Hwang
[31]. Of particular significance is the comparison
between the present numerical solution and the
analytical one for hydrodynamically developed flow
without inclusion of axial heat diffusion; for the @
boundary condition, the values are the same, whereas
for that of @, the numerically computed value is 7.4%
lower. As just pointed out, at the end of the thermal
entrance the approximation of Nu, , deteriorates,
while being better than 0.8% in the neighbourhood
of the exact L, » value (0.033). In the presence of axial
heat diffusion, the thermal entrance length increases
at low Pe. This effect is most noticeable at relatively
high Prandtl numbers (Pr > 1), while for Pr « 1 the
axial heat diffusion has less effect, the thermal
entrance length being most affected by the develop-
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Table 3. Dimensionless thermal entrance length for the @ and @ thermal
boundary conditions

Pr
Hydrodynamically

Pe 0.1 1 10 100 developed flow
5 0.19 0.09 0.075 ®
0.15 0.081 0.074 @
50 0.18 0.049 0.043 0.043 @
15 0.033 0.031 0.032 ®
500 0.048 0.043 0.043 0.043 @
0.033 0.031 0.031 0.031 ®

ment of the velocity profile, which is much slower
than the development of the temperature profile; in
this case momentum axial diffusion may affect Lf at
low Re. On the other hand, for Pr > 10, the L% values
are in practice coincident with those of hydro-
dynamically developed flow because L} is con-
siderably affected by the thermal development only,
much slower than the hydrodynamic one.

CONCLUDING REMARKS

The entry length problem for simultaneously develop-
ing laminar flow in a circular tube of infinite extent
has been solved by the finite element numerical
method. In the range of independent dimensionless
parameters considered the solution never presented
instabilities, thus further confirming the effectiveness
of the numerical method in solving problems of sim-
ultaneous convective and diffusive transport. Com-
parison with the available analytical and numerical
solutions and also, for isothermal flow, with exper-
imental results showed the reliability of the approxi-
mate solution which has been presented.

Particular consideration was given to the axial
diffusion of both momentum and heat, which is
neglected in the boundary layer approximation. The
axial momentum transfer processes have been ana-
Iysed in depth, showing the relative weight of each
at various Reynolds numbers. The isothermal flow
results have also demonstrated the appearance, at
high Reynolds numbers, of the velocity overshoots,
the extent and axial position of which were found
to be in acceptable agreement with the experimental
results of Burke and Berman [26]. In the case of hydro-
dynamically developed and thermally developing

Table 4. Dimensionless thermal entrance length for the @
and @ thermal boundary conditions (Pr = 0.7) : k, = 0, axial
heat diffusion neglected ; k, # 0, axial heat diffusion included

Pe =0 k,#0
35 0.068 0.116 @
’ 0.045 0.109 @
15 0.051 0.053 @&
0.035 0.036 ©
350 0.052 0.052 @
0.035 0.035 ©

flow, the results have demonstrated the effects of axial
heat diffusion. The Nusselt number distributions
agree with the previous solutions for the @, but for
the @ boundary condition they show an evident trend
towards a limiting value near the entrance at low
Péclet numbers, in agreement with both the results
of Tan and Hsu [13] and the analytical analysis of
Papoutsakis [16]. Similar behaviour has been shown
by the simultaneously developing flow results;
near the entrance Nu, decreases and, at low Péclet
and high Prandtl numbers, goes to a uniform value
because of the axial diffusion of heat and, albeit to a
lesser extent, of momentum. The resuits confirm the
judgement of Papoutsakis et al. [12] that no global
Péclet number criteria may be set for all problems
concerning the inclusion of axial conduction ; more-
over, in simultaneously developing flow, a more
general criterion should account for the Reynolds
number also, the axial diffusion of momentum having
a similar, though smaller, effect to that of heat.

With the aim of focusing on axial diffusion effects,
fluid property variation with temperature and viscous
dissipation have been disregarded in the present
analysis, even though they may have a marked effect
in the range for the independent dimensionless
parameters considered. However, these effects can
easily be included in the analysis within the scheme of
the numerical procedure.
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TRANSFERT DE CHALEUR EN REGIME PERMANENT LAMINAIRE DANS LA
REGION D’ENTREE D’UN TUBE AVEC DIFFUSION AXIALE DE CHALEUR ET DE
QUANTITE DE MOUVEMENT

Résumé—Le développement simultané des profils de vitesse et de température dans des tubes circulaires
est analysé en tenant compte de la diffusion de la quantité de mouvement et de la chaleur. Le probléme
axisymeétrique est posé sur la forme variationnelle par la méthode des éléments finis. Les résultats obtenus
dans le cas des effets de diffusion axiale négligeables se comparent bien avec les solutions antérieures ; en
présence de diffusion axiale les solutions déja connues sont dispensées et ne s’accordent pas toujours. Les
résultats de 1’écoulement isotherme présentés pour des nombres de Reynolds entre 1 et 1000, montrent
I'aspect d’un dépassement dans les profils de vitesse axiale et aussi la dépendance, vis-a-vis de la coordonnée
axiale, du nombre de Reynolds et des mécanismes de transfert axial de quantité de mouvement, de diffusion
radiale a la paroi, de la convection et de la diffusion axiale. Les résultats de 1'écoulement non isotherme
présentés pour un nombre de Prandtl variant entre 0,1 et 100 et pour un nombre de Péclet entre 5 et 500,
mettent en valeur I'effet de la diffusion axiale de quantité de mouvement et de chaleur sur la convection
thermique.



1052

G. PAGLIARINI

STATIONARER LAMINARER WARMEUBERGANG MIT AXIALEM WARME- UND
IMPULSTRANSPORT IM EINLAUFBEREICH VON KREISROHREN

Zusammenfassung—Die gleichzeitige Ausbildung des Temperatur- und Geschwindigkeitsprofils in Kreis-
rohren wird unter Beriicksichtigung des axialen Wirme- und Impulstransports untersucht. Das achsen-
symmetrische Problem wird in Variationsform durch die Galerkin-Methode mit gewichteten Residuen
formuliert und dann numerisch mit der Methode der Finiten Elemente gelost. Die Ergebnisse fiir den Fall
verschwindender axialer Transporteffekte stimmen gut mit bekannten Grenzschichtlésungen iiberein ; bei
Beriicksichtigung der axialen Transporteffekte streuen die in der Literatur angegebenen Lsungen sehr und
stimmen nicht immer iiberein. Die Ergebnisse fiir isotherme Stromung, dargestellt fiir Reynolds-Zahlen
zwischen 1 und 1000, zeigen sowohl das Auftreten von Uberhdhungen im axialen Geschwindigkeitsprofil, als
auch die Abhingigkeit von der axialen Koordinate und von der Reynolds-Zahl der verschiedenen axialen
Impulstransportvorgénge : radialer lmpulstransport an der Wand, Konvektion und axialer Impuls-
transport. Die Ergebnisse fiir nichtisotherme Strdmung, dargestelit fiir Prandtl-Zahlen zwischen 0,1 und
100 und fiir Péclet-Zahlen von 5 bis 500, zeigen deutlich den EinfluB des axialen Impuls- und insbesondere
Wairmetransports auf den konvektiven Wirmetiibergang.

CTALIMOHAPHBIN JIAMUHAPHBIA TEIIJIOOBMEH HA HAYAJIBHOM VYACTKE TPYB
KPYTJIOI'O CEYEHUA C AKCUAJIBHBIM ITEPEHOCOM TEINJIA 1 UMIIVJIBCA

AHROTAINMS—AHaTH3UPYETCA COBMECTHOE Pa3BHTHE Mpoduieil CKOPOCTH M TeMIepaTypbl B TpyGax
KPYTJI0TO CEYeHHs C YYETOM aKCHAJILHOrO IMepeHoca HMITYJIbca M Terwia. OcecHMMETpHYHAA 3anada ¢op-
MyJMpPYyeTCH B BapHalMOHHOH (opMe MeTONOM B3BeLEHHBIX pasHocTel [anepkuHa, a 3aTeM pelIaeTCs
YHCJIEHHO METOAOM KOHEYHBIX JIEMEHTOB. Pe3y/bTaTel, MOJIy4YeHHBIC VI CIyYas OpeHeOPekKHMO Mallbix
apdexroB akcnanbHOH mHQdY3HH, YIOBICTBOPHTEIBHO COINAacylOTCH C H3BECTHBIMH pEICHUAMH IUIA
HOOTPaHKYHOTO CJIOA; MPH CYIIECTBEHHOM POJIM aKCHAJbHOTO NEPEHOCA PELICHAS HENOCTAaTOYHO Mpenc-
TaBJIeHHl B JIATEpATYpe U He BCErla CorjacyloTcs Mexay coboi. M3 pe3ysibTaToB U1 H30TEPMHYECKOrO
TeyeHus npH 4ucie PeitHonbaca B quanasode ot 1 mo 1000 MOXHO cIenaTh BLIBOA O BO3HHKHOBEHMH
BBIOpOCOB B npoduiie NPOROJBHON CKOPOCTH, a TakkKe 3aBUCHMOCTH Pa3JIHYHBIX IIPOLIECCOB MEPEHOCA
AMITyJIbCa (paanaibHOM npucTeHHOM nuddy3un, KOHBEKIHMH M aKCHAIBbHOM nuddy3nm) oT oceBoil Koop-
IMHATHl M yucia PedHonbaca. JlaHHBIE IUIA HEH3OTEPMMYECKOTO TeueHMs npu wgucie I[lpanaris,
mmensawoiemes ot 0,1 1o 100, ¥ yncaax Ilekne—ot 5 10 500 WUIIOCTPHPYIOT BJIHMSAHHE aKCHAJILHOIO
MIEpPEeHOCca HMIYAbCA U TEIUI1A HA HHTEHCHBHOCTH KOHBEKTHBHOT'O TEILUIONEPEHOCA.



